\ REDUCTTON OF DOF's - OVERVIEW

Computational savmge can be done
by~ +he following methods ¢

STRUCTURAL DYNAMIC COMPUTING * static  condensation
» Def e without ertra are eldimingfed
1 %
Reduction methods for dynamic systems: * Modal truncotion
tigher wmodes are weglected in the
» Static condensation modal expansion
= Modal truncation x Gewerehized SPOE systen

An approxi metion of the Hrst wmede

= Generalized SDOF systems
1% used to obtain o SPOF cystewn

= Use of Ritz vectors

\k *  Rayleigh -Ritz method

A epeciod sef of base vectors are
used to express the displacement s
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STATTIC CONVBENSATION OF DOFS WITHoUT
TNERTTA

Censider a fame Wit lumped wygsses :
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N§

a) AU degrees of freedoon.

b) Horizonted excitetion > Vertfcal dele
ot needed qn dg,v\c\mfc enalysis

C) PBeoms ave ehtt 9n oxiol direc hon
and  2ero digonak elements 1w
oletonal dels

%Jrarh'r\,%r ‘@mm 7y dofe with zero jnerina
have displacements 1,

The V‘QW\ath\iV\,%f (two) dofs are d(dnavvw”c,u
dodfs w. .

Parh HNoned s&&hvwx .

'm(‘_c, @ &c_ kAc lkc_o UC . &
[ 0 @naol*lu@ lkoo“luo] i@j il

STATIC CoeND. ... cont,

Eg, (1b) com bde used to eliminate Uo
n eq . (1a)

»
o Ue + Koo Uy = O s o=~k ki U, ...G)

Insert () o (1) =

Mee the + (Kee + Meo (= oo KEs) ) e = e ()

ke
“The condensed <hfness matrx -

kQQ = "(cc, - |k¢o 'k;g lk;ro

The condensed 2y etemn :

Mee Uz_ + “tcc We =P ()

dedermnes the dgnamic dobs

Dicdlacements 1N rﬁvv\av‘\m‘v\ﬁ dofs are
found Rom (2) .
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FTRUNCATED MODAL EXPANSTON

|

The moded expansion 1s tuncated at L
Givinge om approw mation -

&
wx Z $, 9,
1

Higher modes are (edd owt .

Modal Ceocdinates are obtained for 7
uncovpled eguations,

The opproxi nmedhon 1S %eOd 7 ¥ 4—\4&_31)0\,%@(
distnbubon of external forces triggers
+he (ower wodes ¢

J’ P(£)=posink)’c
LI DI

©

bJ A é?(t)

P
A L

-0

O

‘}‘ P

U 1 well descn bed by the
lewer modes 1n ay

H(i\ajr waedes rave b»“%%cr

wnmtluente in by

TRUNCATED cont.

However, Hhe time wanation of the force
7s olso 1mportant. Censider case a)

agein Lo Mcreo\s\'vq/ Prtqvemcé» oA the
Lload

s waiammie, MoOE. | “OL

Dishite {he spatiod distn bution of +the
load, W%e)(‘ modes are {;ri%ercd as the
‘?‘Y‘@QUE!\CL&V ?‘V\C\"CC\'Se%j

w & W = mede { behayior
UOL < W é WZ, = modez ) —
Wo & W £ Wg = —u=— 3 ey —

Conclus)on :

The modes that are tniggered depend
both on the =patial distn bution ond
on the time variakion of the L@O\df%



OBTAINVING THE REDW(CED oYSTEM BY
MOBDAL REDUCTION

Altes hawmcar chosen the number % o -Hr\e
wodess to kee;;} the wmodal expansion
gves on appreximation of the displace -
ment vector -

&
Q/L QZ Z ¢n q'\ = }Q} G C*)
1

e ]

The ongired aystem '———> [w]

bhw+ lku=p

1% df‘k%oﬂa/u zed by o troms formefron

camilar to the cage of the wld 55&‘rem :

BT B g+ B kB G =B P
—_—
My K, R

Dimensiont of matnces
%M} and Ky [-"WWN*”W“‘F [4:1]
ql} and B s T_éﬂ]

The system (o 7e solved as decoupled

<bOF eguations grving Gy - Then the phyeical

d,(g?m\cc,mewt w are bund Hrom ()

g EX. MODAL TRUNCATION — TWO TO one bOF—{

Loolk esain af the +twoe def ey stenn bein%/
&‘O%Onabrzed onad %olved '@O(‘ harwaen i ¢

Leadings Previeusly

Zm W
Q— v~ —v P.=Po Sin WL
k. k

S PN Bt B LG 4
Tt was %M{L\pd 4

g-t-wk 8|7
% N SE N 44;_:1

Modal expovision

SN
1 -1 L%

Tamcabe - QCCOFdA‘V\%z to

U Py gy =ﬁ§]% e G0 (OVICAO‘QSQ,)

{
Obtain the reduced syctem : M?éj}}ﬂgﬂ -B,

M}tilm@} ° K, =@;ll<§l5) and TP}f@TF



Ex wodod tunc. eonb.

‘Jk: ev o= (2-V7)k

The reduced %35%%

Img + (a-zZ)kq = p
3 Lk - F
trlme e -

3
I+ is Clear that +the veduced SY<tena
behaves according to the &ret wode
This 15 also seen From (=) -

[uii = &%[ Jhe mosses are 9n Phgse

W,y q alcor S ng- mode {

—

LGEAERA LT2ED SPOE SYSTEM S

SystemS with wore +han one discrete
mass or even distibuted mass can ke
treoted as o eDoF systemn by assuming
A given defected shape i)

p®
EI(x), m(x)

@ = i,c O 75 =0 { %///,_. ®)
‘ 7 3 (’:

1 —
u(x,b) = xz(f) { u(x,2) = P(xz(®)
,,/—’Zg)’&'// 1 /,J»// IZ(I)
— | =
X

X

The %wnenxu'ze,d e«q_\)ﬁ/hb‘ﬂ 019* Mo on 7'5
woHen /s

M2 + 22+ kz = PlL)
The @'cm&mu(/l'zed q,uanh' HNes are defermined
Lrom W (x)

Usehl Hor delormining +he (owest
naturol QY!‘L?,UEV\%

2
"Uon =

3=

s



CENERALTZED “boF SYSTEMS l

Knowledge about the systewn behguiour
con be Used 4o fsrmt o LDOF sas:km
from o HDOF eystew

I (L“L—Fé/«u. = ff>(€) D)

Assume +he displacemeuts B lUow a
par t1icunlor Shape ¥ (wx1)

uw = V{/Z(tB ry G‘*)
controlled by o single coordivate z().

= U=YZ@ nsert nto ) =
myz + k¥z=p

Multr ply by T =2
Viim¥ z +¥Tky¥ z =¥'p

D L e
I ¥ K* Px
The gemersdiz ed %bo{-‘—gﬁgham .
wz +k¥z = PX

;rhe MboF g&gwm has beenn yeduced
to o Sbov %351‘6'/\4 lo% +he C,s.sumph‘an
of o dellected S.ho\;mo ¥ ond a 6;'\/\5[8_

coor dinate z(+) Canfro(ivng +he
ynotion .

GEN. SDOF ConT.
The. %ememUzed %&S’h&ms 2nttiol velne
«Pmb(.&w» con be solved b‘d’ usr'ngf (% %)

wu=VY z 3 ‘#/Tu=\ﬁ/7%7_

Ty )
z = \\p,;'r\x/ (\‘VWY 1S QA QCQLAF)

]

The tntiod valugs Por the %,ewem/(/f'zed
aysten~ are thus 6:\:@1 l"“d’

Z(0) = _L_U*(")
'
Z(0) = ‘H’TU/.L(O)
¥\
With u@) and o) beu'n%. plrudsfca[
wmdiol walue vectors of the on’afno\[
w dof s&skm,



ESTIMATING THE LOWEST WNATURAL
FREQUENCY

Notunyed freguencies are defermined
from the homogeneous systemn :

(k-w*m)e =0

Assume an approximation of the &gt
mode given by @& xW¥ =b
(k-wim)¥ 20 5 k¥xwmy ;
Multiply by UT = WY 2 wi¥imy
ot a Yk
¥7imy
TS s the so called Rayleigh quoteut

o, Note +he resemiblance with strain

evnefgy £, and kmnedic energy £

E-fuWku ad £=1dmu
U=wWl ond Eg =&, =>
.
[ g5 o2 Wku
aWku =wizwmu | w=—mer
3

\ Ex. GEWERALTZED SboF SYSTEM J

Consider a%a(vx the simple two dof
eg)sﬁem

m
A—fww-— @-—-/vvw——@ — P&)

k»——» L<l—9
{ 2

k= k{2 -1 m=m10] ¢>=pm o]
\:-1 1] [o 1 [L

Assume that the cystem moves In
ometh [nOOL Lilce the Hrst mode -

W = [ 1} a Unear deflection
i

| . 0 _ z2(¢)
wit) = ¥ z@) = L&z(é)]

Geneve Ui zed Guantifies -
LT
-1 1 .

= l]mii HHFW\U ﬂur Fj;r

Pt = [ 2]m P& = 2p(H

J




Ex. cont.
The gemerphzed SpoF cystew «
5m Z B+ 2k zl4) = 2. p (¢)

2 I
The nakural #regruevxu/&/ G =0.wéﬂ

5m

Cevmpqre with the lowest V\w(:v\rt‘v(
freguency-
Wl = 0,382 &

The estimoted fre ventiy 1% Q
goed approximation of the lowest
necturod @mguenc%/

+

A

PEAM - LTKE STRUCTURES - GENERALIZED
SPoFF SYSTeEMS

T .
Y(x)- ﬁ
. o assumed
i I delection
Ledl

Cenecalhzed Q,UOLY\H Hes
L
o= g‘ moo [¥oo 15 dx

L.
- { E100 [\r"m] dx

? )‘&) \;(x) dx

o\/‘\,\

n the equainon

M2 o+ Lt z = %(f)
Lor mokon accord‘V\gd/ ta the vestichoms
g1 ven blgf VY (x) .

Rewn Deam poperhies m and £T can
o Vo Wit X .



Beom blke atvuet, cont .

& :
= Lowest naturel freguency eshmates

lor o cont lever

An eshimate of the lowest natursl
freguency, @an be fund fom an AssSumed
reasonable shape ¥ (x| fr the (owest
Vibraon wode .

The ossumed shape must cahs by
geometnC boundary condihons.

TABLE 8.5.1 NATURAL FREQUENCY
ESTIMATES FOR A UNIFORM CANTILEVER

% Error &7
¥(x) [ o Err W, = O(n
A, 322202 —x3/2L3 357 15 L
2. l—cos(zx/2L) 3.66 4 ——’?
3, *E? 4.47 27 2

Qunhlever on previons page Wy for
J assumed shapes 7n the table

The stabic deHechon from distry buded
forces 1, 95 a geod chofce of W
Trgenometne funchons 2, 15 also
ALLU B TE |,

A+

i APPROXIMATTON &Y RIT2 VECTORS - oueav15w7

A reduced approximode dynawwe gyStenm
cen bhe obtained by- Ritz vectors.
A careful choice of a small iumber & of
vectors (}ALA/) yelds a eystem
with % dofe | giving- & goed approwimahon
Yo Hhe orf%f{r\o\,ﬁ QﬂS}’GW\ wWith AN dofs .
X -
wx 2 z;t) by = Wz ) [¥I-AT
’aubg%h‘n‘vu%r inte the stendord form -
mMW¥Zz+ c¥2 + kvz = pto
pr‘em(/b(HPW)fV\%f with ‘ﬂ/T =>
mz + €z + kz = p)
The reduced %3)8'**%\/\ wi th
W=¥Tm¥ | C=¥ey k=WTk¥ and
P =P
nas § dofs as [Z] =[ﬂS] = 4x{ and
[m1-[e]~ k] - 3%
The useful ness o the educed sgshom

depends enhrely on good choices of
Lite veddors




ATPROXITMATION BY ont ,

The chovce of vectors con be
based own :

1) Phycical wmsight - good quess of
‘modes ' that nfluence the
systemn dynemics

L) An automakic procedure ¢iving
Ritz vectore ot conforme with
+he cpafra  dictnbubion of the
Load .

Rewi. Tn lj Grahm - Schmidt ¢

@\"{'VIOSOV\Q[/I > ot ion Prbced_w‘&
1S used i e so called

Lanczos Q,L%omf hwa

EXAMPLE + (OMPARISoN oF RITz VETTORS
AND NATURAL MODES WITH DIFFERENT
FORCE DISTRIBUTIONS

1.0 1

{ ¥
0.8 o Ritz vectors 1
o o Natural modes
5 0.6 4
=)
M 0.4 -
0.2 1
0.0
0
1.0 1 b)
1
0.8 2
-
v
= 0.6 1
=
M 04
0.2 #
0.0
0
1.0
| o |
0.8 :
; 0.6 J 1
> 1
R 04 .
0.2 = e
0.0 M - —— a
0 1 2 3 4 5

J = number of Ritz vectors or natural modes

case by shows om dishnet advantage of
Usivgs base vectsrs conforming- with the
(oad dishn butien



APPLTICATION RITZ VECTORS , IMPACT—7
onN  GLASS PANES

Two Shape veetors were ysed :

g P :Q,
v v,
STRENGTH DESIGN METHODS = —=
FOR GLASS STRUCTURES Figure 23: Construction of Ritz vectors.

MARIA FROLING
55

M, FWEUV\%/ PhD —-Q;\m(gfs
Structural

. Doctoral Thesis
Mechanics
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DOWING THE REDWED EQUATIONS —
INITIAL VALVES

|

The ceduced gystem (Tdofe):
mZ+lz+kz=-p , wu-¥=z
How can mibol values dboe 9nuyoked ?
i wed = W 2c0)

) = W2(o) [%]=Nxy | 4N

Mu\,LéipLur by VAR

Yulo) = YTV z(0)
? ¥Toico) = FTW200)
3
We have two emall Linear syckewn s
of equahons Yo solve 1 order to
obtain mihol values m =, 7e.
z(0) oand z(0) .

-

USING RITZ VECTORS TO OBTATN -
s |

APPROXIMATE WNATORAL FREQ. L MO

Linear CGewmbinations of Ritz vectors can
okso be used to approximate narural

— .

modes _amd freguencies by
=] -

¢, = Ve,
qr;h 1S5 +he approxi nate e/s'@,w\\/té\‘of‘ omd
2, Containes Weight fackors .

The best combinaon of Ritz veelors ¢
found Fown the veduced eigen problem :

kz=pmaz
with the approrimade  noturel ciyealar

P‘(‘ﬁq,\)C/i’\ cGes - A

Wy & P4 i=L «'F



VCING RITZ vECT. cont, — =
‘ F tOUR STOREY FRAME - RITZ VECTORS }

Derivations - ™ y
Eigeayector 4k solutrom ¢ s o Cheor L S Approximate olution e
ombination of Rtz vecdors D eigen value Prbbﬁwfx ‘
d=V¥=z [Nx3TL 3x1] ] ik (k-wm)¢ = ©
A .3 i
(k—ﬁzm)cbso y Sm=wm i?oo k ]k=k’§,~1c:;o} Pk
& ol oo - 16
o ~ ~ o) 0 O 0 "‘ f \ .
(k-%w)z = 0 .. g4 -
with  E=¥k¥ and wX=Wmy Add oc. cholce of Ritz vechers « u=tz
\ 1 [3x3] . -i'\f PR
Geod Choice O‘Q- Y = , ;——7 035 X ¥ = 0'251: !
O’)kan vaor' n=242 ..,% = 05 :fi 6.5 ;1
y 0.26 A 075 0
The reduced Syshemn o also yields ) - vZ I et
Hhe w‘«jlr\ﬁ% Z7 giving- +he "best A/ Yo
approximation of th /
P . Wie ; " Reduced Ystem wwtnces :

eigen Jectors,

m=¥%mt= [4,6?5 ~ 0,25‘
’0126 %. 0

N

k = W k¥ =({025 =025
‘qug @40



EX FoULR STOREY, cont.,

Solve. the rveduced e,écaﬂevx— value  problema
(l'i;—m“:“um) z=0 =~

~a
Wy = 01226 y Zy =(-0,7Y
[-o,oelf
wg = {0 . Z,=] ©
\[ 0, S?’?K
w v .
best approxmations of @, and ¢, :
‘#I/Z,T-O"HS Vz, =(0.533
-0.M28 0.5%%
- 0.551 0
-0.633 - 657

Exact solution :

!
Wy = 0.12.06 w, = 4 BaaliG ! o
. Good choice
(bl =1-0,228 ¢2.: 0.577 |
-0.429 0.537
-0.57%7 0]
A extension of the gem. eboF mesthed,
O&hog@vxa&‘% 4

376, <0 (xi™y W, +0 (=-025)
Bat  (%z,\ z, =0



