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2.1 Definitions

e Scalar (OD matrix)
C
e Vector ( 1D matrix) ) Transpose
C
Ca, ] b, 1
= . b=|b,|; ¢c= “
e R Y e Cs a' =[a; a, a;]
| 3 _ | b3 _
| Cq
e Matrix ( 2D matrix ) Transpose
C,; Cip - _ -
B,; B,, B3] Cll Clz B,y B, 331_
B=|B,; B, B3|y C= C21 sz B' = B, By, 332
31 32
__B31 B32 B33_ |_C41 C42_ _B13 BZB B33_4




2.1 Definitions, contd

e Matrixsize, [mxn]or[ixj], ([row x col])

— Vector, [m x 1] o o
11 12

C = Imxn]=1[4x2]

e Square matrix, (m=n) [m x m]

e Symmetric matrix, B=BT



2.1 Definitions, contd

 Diagonal matrix

20 0 0
01 0 0]
A =

00 —1 0
00 0 3]

e |dentity matrix, (unit matrix), Al=A
"1 0 0]
I={0 1 0
00 1

e Zero matrix

0=|:0 0} 0=[0 0 0}
0 0 0 0 O



2.2 Addition and Subtraction

e \ector
c=atb=|a,|+|b,|=]|a,+b,
as | | by | |astbs
e Matrix
_All A12— wBll BIZ_ _All iBll A12 iE;IZZ
=A+tB= A21 Azz + le Bzz = A21 + Bz1 Azz + Bzz
_A31 A32_ _BBI B32_ _A31 :I_- BBl A32 -_—t B32_




2.3 Multiplication - scalar

e Scalar — vector multiplication

rI- — pr— —

a, ca,
ca=2¢ (12 - Ca2
_a3_ _Ca3_

e Scalar — matrix multiplication

—A11 A12— rCAu CAlz-
CA =C A21 Azz —_ CA21 CA22
_A31 Asz_ _CA31 cAjz,




2.3 Multiplication - vector

e Scalar product, (vector — vector multiplication)

aTb == [a1 az 613] bz - albl + azbz + a3b3

[1xn][nx1]=[1x1]

* Length of vector (cf. Pythagoras' theorem)

la] = (af + a3 + - +ap)'”

al = (aTa)'? _




2.3 Multiplication - vector

 Matrix product

a ab ab, ab,]
ab"=|a,|b, b, bJ]=|ab ab, a,b,
3, | ah, ab, ab,

Imx1] [1xn] = [m x n]



2.3 Multiplication - matrix

e Matrix — vector mu

(A1 Ag
A31 A32

[m x n]
[3 x 2]

tiplication

(A x; + Agpx;]|
X1
|: :|= Ayixy + Ajax,

X3
_A31x1 + Aszxz_

[nx1] = [m x 1]
[2x1] = [3 x 1]

e Vector — matrix multiplication

¢ =xTA =[x, xzj[

All Alz A13:|
A21 A22 A23

=[x1 411 + X457 X141, + X345, X1 A3+ x,455]

[1 x m]

[mxn]=[1xn]



2.3 Multiplication - matrix

e Matrix — matrix multiplication

All A12 B B
BZI B22
_A31 A32J

[ A;,Byy + A13By; Ay1Bi, + A5 B, ]
=1| A1 By + A33,By; Ay By, + Ay,B,,
| A31Byy + A3,B,; A31By, + A5, B, |

[mxn] [nxp]=[mxp]

Note! AB # BA



2.3 Multiplication — matrix, contd

* Product of transposed matrices

(AB)T = BTAT

(ABC)T = ((AB)C)T = CT(AB)T = CTBTA"

e Distribution law

(A + B)x = Ax + Bx
xT(A+B)=x"A +x'B
(A + B)C = AC + BC
C(A + B) = CA + CB



2.4 Determinant

The determinant may be calculated for any square
matrix, [n x n]

Cofactor of matrix, A (I=row, k=column)

AS, = (—1)** det M,

Expansion formula

detA = Z AikAl?k
k=1

where i indicates any row number in the range 1 <i<n



2.4 Determinant, examples

Cofactors
{1 2} AL =(-D)V4=4
3 4 AS, = (_1)(1+2) 9-_9
Determinant
detA=1-4+2(-4)=-2
Cofactors
4o o B!, =(-1)"(5-5-6-8) =23
B— i::j; BS, =(-)*"(2-5-3-8)=-14
I ] B, =(-1)®"(2-6-3-5)=-3
Determinant

detB =1(-23) +4-14+7(-3) =12



2.5 Inverse Matrix

e The inverse Al of a square matrix A is defined by
ATTA=AA1=1
e The inverse may be determined by the cofactors, where

(A5 AL e AL

AS, AS, - AS,
adjA=| " 7 ;

[ Aj A e AR

is the adjoint of A and

A~!=adjA/det A

note that A~ only exists if det A # 0



2.4 Inverse, examples

1 2 . 4 -2
= adJA =
3 4 -3 1
- i 4 =211 What happens if
1— —
A _adJA/detA_{—B 1}(—2) detA=07
(1 2 3 —23 22 -3|'
B=|4 5 6 adjiB=|-14 -16 6
7 8 5 -3 6 -3
(23 14 —3'1
B'=adjB/detB=|-22 -16 6 >
-3 6 -3




2.6 Systems of Linear Equations
-number of equations is equal to number of unknowns

* Linear equation system

Ax=Db

A is a square matrix [n x n],

X and b [n x 1] vector
b=0 => Homogeneous system
b#0 => Inhomogeneous system

e Assume thatdet(A) #0

x=A"1b




2.6 Linear Equations
-number of equations is equal to number of unknowns

e Homogeneous system b = 0, (trivial solution: x = 0)

Ax =0

e If det A =0, a non-trivial solution exists —{— Eigenvalue problems
e If det A # 0, no non-trivial solution exists

 Inhomogeneous system b # 0

Ax=Db; b#0

e If det A # 0, one unique solution given by (2.53) exists

e If det A = 0, no unique solution exists. Depending on the
specific b-matrix we may have no solution or an infinity
of solutions




2.8 Quadratic forms and positive
definiteness

x'"Ax >0 forall x #0

* then the matrix A is positive definite

If A 1s positive definite then det A # 0

e If Ais positive definite, all diagonal elements must
be positive



2.9 Partitioning

The matrix A may be partitioned as

All A12 : A13

A= A21 Azz I/‘123
and if

A21 A22 A23

D=[4;, As] E= [A35]

A may be written

o ]
A= .
D E



2.9 Partitioning, contd

An equation system can be written

Ax = f
Wlth [ X, | [ f1]
x=|x,|; f=|/,
. | X3 _ | f3_
introduce _
y = xl]; z=[x;]; gz[fl]; h=[f,]
X2 1

The partitioﬁed equation system is written
HHHMER
D Ellz]| |h

By+Cz=g¢g
Dy + Ez=h

or



2.10 Differentiation and integration
e A matrix A

A:[Au A, AIB:I
A21 A22 A23
e Differentiation

dA,, dA,, dA,;]

dA | dx dx dx
dx d4,, dA,, dA,,
| dx dx dx

* Integration (4 dx AL dx | Agd

jA dx =|", " n
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