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𝐺𝑑𝑦𝑛 𝑑

• 

• 

• 𝐺𝑑𝑦𝑛 𝑑

𝐺𝑑𝑦𝑛(𝜅𝑒𝑞, 𝑓)

𝑑(𝜅𝑒𝑞, 𝑓)

𝑢𝑑𝑦𝑛 𝜅𝑑𝑦𝑛



𝑢𝑠ℎ𝑒𝑎𝑟 = √3 ∙ 𝑢𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝐾𝑑𝑦𝑛
𝐺𝑑𝑦𝑛

𝐾𝑑𝑦𝑛 𝐺𝑑𝑦𝑛

𝛼 ∙ 𝐾𝑑𝑦𝑛 = 𝐺𝑑𝑦𝑛

𝑢𝑠ℎ𝑒𝑎𝑟 = √3 ∙ 𝑢𝑐𝑜𝑚𝑝

𝑢𝑠ℎ𝑒𝑎𝑟 = √3 ∙ 𝑢𝑐𝑜𝑚𝑝





 

 



 

 

𝐺𝑑𝑦𝑛 𝑑

 

 

 

 



  



 

 

 

 

- 



- 
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𝐺𝑑𝑦𝑛

𝐺𝑑𝑦𝑛

𝐺𝑑𝑦𝑛



𝐺𝑑𝑦𝑛 =
𝜏0
𝜅0

𝑑 = sin(𝛿) =
𝑈𝑐

𝜋𝜅0𝜏0

𝜏0 𝜅0 𝑈𝑐
𝛿



 



 



 

 

 

𝑊 = 𝑊(𝑩)

𝑊 = 𝑊(Λ1, Λ2, Λ3, 𝒏1, 𝒏2, 𝒏3)

𝑊 = 𝑊(Λ1, Λ2, Λ3)



{
 

 
𝐼1 = 𝑡𝑟𝑎𝑐𝑒(𝑩) = Λ1

2 + Λ2
2 + Λ3

2                                                  

𝐼2 =
1

2
(𝑡𝑟𝑎𝑐𝑒(𝑩)2 − 𝑡𝑟𝑎𝑐𝑒(𝑩2)) = Λ1

2Λ2
2 + Λ1

2Λ3
2 + Λ2

2Λ3
2

𝐼3 = det(𝑩) = Λ1
2Λ2

2Λ3
2                                                                  

𝑩 = [

Λ1
2 0 0

0 Λ2
2 0

0 0 Λ3
2

]

𝑊 = 𝑊(𝐼1, 𝐼2)

𝐼1 𝐼2

𝐼3 = 1

Λ3 =
1

Λ1Λ2

➔ {
𝐼1 = Λ1

2 + Λ2
2 +

1

Λ1
2Λ2

2

𝐼2 = Λ1
2Λ2

2 +
1

Λ2
2 +

1

Λ1
2

Λ1 Λ2
𝐼1 𝐼2 Λ1 Λ2



 

𝑊 = ∑ 𝐶𝑖𝑗(𝐼1 − 3)
𝑖 (𝐼2 − 3)

𝑗

∞

𝑖=0,𝑗=0

𝐶𝑖𝑗

𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3) + 𝐶20(𝐼1 − 3)
2 + 𝐶11(𝐼1 − 3)(𝐼2 − 3) + 

+𝐶02(𝐼2 − 3)
2 + 𝐶30(𝐼1 − 3)

3 + 𝐶21(𝐼1 − 3)
2(𝐼2 − 3) + 

+𝐶12(𝐼1 − 3)(𝐼2 − 3)
2 + 𝐶03(𝐼2 − 3)

3+. . ..

𝑊 = 𝐶10(𝐼1 − 3)

𝐶10 = 𝐺/2 𝐺

𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3)

𝐼1 𝐼1
2 𝐼2

𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3) + 𝐶20(𝐼1 − 3)
2

𝐼!, 𝐼1
2, 𝐼2, 𝐼1

3 (𝐼1 ∙ 𝐼2)

𝑊 = 𝐶10(𝐼1 − 3) + 𝐶01(𝐼2 − 3) + 𝐶20(𝐼1 − 3)
2 + 𝐶11(𝐼1 − 3)(𝐼2 − 3) + 𝐶30(𝐼1 − 3)

3

𝐼2



𝑊 = 𝐶10(𝐼1 − 3) + 𝐶20(𝐼1 − 3)
2 + 𝐶30(𝐼1 − 3)

3

𝐶10, 𝐶20 𝐶30

 

𝝈 = 2(
𝜕𝑊

𝜕𝐼1
+ 𝐼1

𝜕𝑊

𝜕𝐼2
)𝑩 − 2

𝜕𝑊

𝜕𝐼2
𝑩2 + 𝑝𝑰

𝝈 𝑩 = 𝑭𝑭𝑇

𝑰

𝑝 =
1

3
(𝜎11 + 𝜎22 + 𝜎33)

𝑩 = 𝑭𝑭𝑇 = [

Λ1
2 0 0

0 Λ2
2 0

0 0 Λ3
2

]             𝑩2 = [

Λ1
4 0 0

0 Λ2
4 0

0 0 Λ3
4

]

{
  
 

  
 𝜎1 = 2

𝜕𝑊

𝜕𝐼1
Λ1
2 + 2

𝜕𝑊

𝜕𝐼2
((Λ1

2 + Λ2
2 + Λ3

2)Λ1
2 − Λ1

4) + 𝑝

𝜎2 = 2
𝜕𝑊

𝜕𝐼1
Λ2
2 + 2

𝜕𝑊

𝜕𝐼2
((Λ1

2 + Λ2
2 + Λ3

2)Λ2
2 − Λ2

4) + 𝑝

𝜎3 = 2
𝜕𝑊

𝜕𝐼1
Λ3
2 + 2

𝜕𝑊

𝜕𝐼2
((Λ1

2 + Λ2
2 + Λ3

2)Λ3
2 − Λ3

4) + 𝑝



{
 
 

 
 
𝜎1−𝜎2

Λ1
2−Λ2

2 = 2(
𝜕𝑊

𝜕𝐼1
+ Λ3

2 𝜕𝑊

𝜕𝐼2
)

𝜎1−𝜎3

Λ1
2−Λ3

2 = 2(
𝜕𝑊

𝜕𝐼1
+ Λ2

2 𝜕𝑊

𝜕𝐼2
)

𝜎2−𝜎3

Λ2
2−Λ3

2 = 2(
𝜕𝑊

𝜕𝐼1
+ Λ1

2 𝜕𝑊

𝜕𝐼2
)

 

Λ =
𝐿0 + 𝛿

𝐿0

𝐿0 𝛿

Λ1 ∙ Λ2 ∙ Λ3 = 1

{

Λ3 = Λ              

Λ1 = Λ2 =
1

√Λ



{
𝐼1 =

2

Λ
+ Λ2

𝐼2 =
1

Λ2
+ 2Λ 

𝜎 =
𝑃

𝑎

𝝈 = [
0 0 0
0 0 0
0 0 𝜎

]

𝑎 = 𝐴/Λ

𝜎 =
𝑃Λ

𝐴

𝑆 = 2 (
𝜕𝑊

𝜕𝐼1
+
1

Λ

𝜕𝑊

𝜕𝐼2
) (Λ −

1

Λ2
)

𝑆 = 𝑃/𝐴

 

𝑭 = [
1 0 𝜅
0 1 0
0 0 1

]

𝑩 = 𝑭𝑭𝑻 = [
1 + 𝜅2 0 𝜅
0 1 0
𝜅 0 1

]           𝑩2 = [
1 + 3𝜅2 + 𝜅4 0 2𝜅 + 𝜅3

0 1 0
2𝜅 + 𝜅3 0 1 + 𝜅2

] 

𝜅 = 𝑡𝑎𝑛𝜃 𝜃



{
𝐼1 = 𝑡𝑟(𝑩) = 3 + 𝜅

2                            

𝐼2 =
1

2
(𝑡𝑟2(𝑩) − 𝑡𝑟(𝑩2)) = 3 + 𝜅2

[

𝜎11 𝜎12 𝜎13
𝜎21 𝜎22 𝜎23
𝜎31 𝜎32 𝜎33

] = 2 (
𝜕𝑊

𝜕𝐼1
+ (3 + 𝜅2)

𝜕𝑊

𝜕𝐼2
) [
1 + 𝜅2 0 𝜅
0 1 0
𝜅 0 1

] −

                                            −2
𝜕𝑊

𝜕𝐼2
[
1 + 3𝜅2 + 𝜅4 0 2𝜅 + 𝜅3

0 1 0
2𝜅 + 𝜅3 0 1 + 𝜅2

] + 𝑝 [
1 0 0
0 1 0
0 0 1

]

𝜏 = 𝜎13 =
𝜎31

𝜏 = 2 (
𝜕𝑊

𝜕𝐼1
+
𝜕𝑊

𝜕𝐼2
) 𝜅



𝜏 =
𝑃

𝐴

𝜅 𝛿

𝜅 = tan 𝜃 =
𝛿

𝐻

𝑃

𝐴
= 2(

𝜕𝑊

𝜕𝐼1
+
𝜕𝑊

𝜕𝐼2
)
𝛿

𝐻
  

  



 

 

𝜏𝑖
𝑣𝑒(𝑡) = ∫𝐺𝑅𝑖(𝑡 − 𝑡

′)
𝑑𝜅

𝑑𝑡′
𝑑𝑡′ 

𝑡

−∞

𝐺𝑅𝑖

𝐺𝑅𝑖(𝑡) = 𝐺𝑖
𝑣𝑒 ∙ 𝑒−𝑡/𝑡𝑟𝑖  

Δ𝜏𝑖
𝑣𝑒 ≈ 𝜏𝑖

𝑣𝑒 ∙ (𝑒
−
Δ𝑡
𝑡𝑟𝑖 − 1) +

𝐺𝑖
𝑣𝑒Δ𝜅

2
∙ (1 + 𝑒

−
Δ𝑡
𝑡𝑟𝑖)



𝐺𝑖
𝑣𝑒 𝑡𝑟𝑖

𝜏𝑖
𝑣𝑒

 

Δ𝜏𝑗
𝑒𝑝
= {

𝐺𝑗
𝑒𝑝
∙ Δ𝜅       if elastic

  0                   otherwise

 



𝜏 = 𝜏𝑒 + 𝜏𝑣𝑒 + 𝜏𝑒𝑝 = 𝜏𝑒 +∑𝜏𝑖
𝑣𝑒

𝑀

𝑖=1

+∑𝜏𝑗
𝑒𝑝

𝑁

𝑗=1



 
 



 

 

𝛿
𝛿 = 0

𝛿 𝐹 𝑟
𝐸

𝐹 = 1.9 ∙ 𝛿1.35 ∙ 𝑟0.65 ∙ 𝐸



 



𝜓

 

(Λ𝑖 , 𝑆𝑖)
𝑖 = 1,… , 𝑛

𝑆𝑖
𝑡𝑒𝑜𝑟 ≈ 𝑆𝑖

𝑒𝑥𝑝

Ψ =∑(𝑆𝑖
𝑡𝑒𝑜𝑟 − 𝑆𝑖

𝑒𝑥𝑝)
2

𝑛

𝑖=1



𝑆𝑖
𝑡𝑒𝑜𝑟

𝑆𝑖
𝑒𝑥𝑝 ≈ 1

Φ =∑(
𝑆𝑖
𝑡𝑒𝑜𝑟

𝑆𝑖
𝑒𝑥𝑝 − 1)

2𝑛

𝑖=1

𝑆𝑖
𝑡𝑒𝑜𝑟

𝑊(𝐼1, 𝐼2)

𝐀𝐜 = 𝐛

𝐀𝐓𝐀 𝐜 = 𝐀𝐓𝐛

𝐜 = (𝐀𝐓𝐀) \ (𝐀𝐓𝐛) 

 

ψ = (1 + 𝛼)∑ (
𝑑𝑑𝑦𝑛,𝑖−𝑑𝑒𝑥𝑝,𝑖

𝑑𝑒𝑥𝑝,𝑖
)𝑚

𝑖=1 + 𝛼∑ (
𝐺𝑑𝑦𝑛,𝑖−𝐺𝑒𝑥𝑝,𝑖

𝐺𝑒𝑥𝑝,𝑖
)𝑚

𝑖=1

𝛼
𝐺𝑑𝑦𝑛 𝑑

𝐺𝑑𝑦𝑛,𝑖 𝑑𝑑𝑦𝑛,𝑖
𝑚 𝐺𝑑𝑦𝑛,𝑖 𝑑𝑑𝑦𝑛,𝑖



𝜓 = 𝜓(𝐺∞, 𝐺1
𝑣𝑒 , 𝑡𝑟1 , … , 𝐺1

𝑒𝑝
, 𝜅𝑦1 , … )

𝐺𝑑𝑦𝑛
𝑡𝑜𝑡

𝑑𝑡𝑜𝑡

𝑑𝑖 = sin(𝛿𝑖) =
1

√1 + 𝜔2𝑡𝑟𝑖
2

𝐺𝑑𝑦𝑛1
𝑣𝑒 =

𝐺𝑖
𝑣𝑒𝜔2𝑡𝑟𝑖

2

1 + 𝜔2𝑡𝑟𝑖
2

𝐺𝑑𝑦𝑛
𝑣𝑒 = √(𝐺∞ +∑𝐺𝑑𝑦𝑛𝑖

𝑣𝑒 cos(𝛿𝑖)

𝑁

𝑖=1

)

2

+ (∑𝐺𝑑𝑦𝑛𝑖
𝑣𝑒 sin(𝛿𝑖)

𝑁

𝑖=1

)

2

𝑑𝑣𝑒 =
1

𝐺𝑑𝑦𝑛
𝑣𝑒 ∑

𝐺𝑖
𝑣𝑒𝜔2𝑡𝑟𝑖

2

(1 + 𝜔2𝑡𝑟𝑖
2 )

3/2

𝑁

𝑖=1



𝐺𝑑𝑦𝑛𝑗
𝑒𝑝

= {

𝐺𝑗
𝑒𝑝
𝜅𝑦𝑗
𝜅0

         𝑖𝑓 𝜅0 > 𝜅𝑦𝑖

𝐺𝑗
𝑒𝑝
                 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐺𝑑𝑦𝑛
𝑒𝑝

=∑𝐺𝑑𝑦𝑛𝑗
𝑒𝑝

𝑀

𝑗=1

𝑑𝑒𝑝 =
∑ 𝑈𝑐𝑗

𝑒𝑝𝑀
𝑗=1

𝜋𝜅0 ∑ 𝜏0𝑗
𝑒𝑝𝑀

𝑗=1

𝑈𝑐𝑗
𝑒𝑝

𝜏𝑜𝑗
𝑒𝑝

𝑈𝑐𝑗
𝑒𝑝
= {

4𝜅𝑠𝑗𝐺𝑗
𝑒𝑝
(𝜅0 − 𝜅𝑦𝑗)        𝑖𝑓 𝜅0 > 𝜅𝑦𝑗

0                                         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝜏0𝑗
𝑒𝑝
= {

𝐺𝑗
𝑒𝑝
𝜅𝑦𝑗      𝑖𝑓 𝜅0 > 𝜅𝑦𝑗

𝐺𝑗
𝑒𝑝
𝜅0      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

cos(𝛿) ≈ cos(𝛿𝑒𝑝) ≈
cos (𝛿𝑣𝑒)



𝐺𝑑𝑦𝑛 ≈ 𝐺𝑑𝑦𝑛
𝑒𝑝

+ 𝐺𝑑𝑦𝑛
𝑣𝑒

𝑑 = sin(𝛿)

𝑑𝑑𝑦𝑛 ≈
𝐺𝑑𝑦𝑛
𝑒𝑝
𝑑𝑒𝑝 + 𝐺𝑑𝑦𝑛

𝑣𝑒 𝑑𝑣𝑒

𝐺𝑑𝑦𝑛

𝐺exp,i =
𝜏𝑒𝑥𝑝,𝑖
𝜅𝑒𝑥𝑝,𝑖

𝑑𝑒𝑥𝑝,𝑖 =
𝑈𝑐

𝜋 ∙ 𝜅𝑒𝑥𝑝,𝑖 ∙ 𝜏𝑒𝑥𝑝,𝑖

𝜏𝑒𝑥𝑝,𝑖 𝜅𝑒𝑥𝑝,𝑖

 



 



𝑢𝑘

𝑢𝑘 𝑢𝑘+1

∫ 𝑃(𝑢)𝑑𝑢
𝑢𝑘+1

𝑢𝑘

=∑(𝑊𝑘+1
𝑖 −𝑊𝑘

𝑖) ∙ 𝑉𝑖

𝑛𝑒

𝑖=1

𝑉𝑖 𝑊𝑘
𝑖

(𝑃𝑘+1+𝑃𝑘)

2
∗ (𝑢𝑘+1 − 𝑢𝑘) = ∑ (𝑊𝑘+1

𝑖 −𝑊𝑘
𝑖) ∙ 𝑉𝑖

𝑛𝑒
𝑖=1

𝐀𝐓𝐀 𝐜 = 𝐀𝐓𝐛

 

𝜓

𝑑 =
𝑈𝑐

𝜋𝑢0𝑃0

𝑈𝑐 𝑢0 =
Δ𝑢𝑘+1

2
𝑃0 =

Δ𝑃𝑘+1

2

2𝑃𝑘Δ𝑢𝑘+1



(𝑃𝑘+1 + 𝑃𝑘)Δ𝑢𝑘+1 − 2𝑃𝑘Δ𝑢𝑘+1 = 2∑Δ𝑊𝑘+1
𝑖 𝑉𝑖

𝑛𝑒

𝑖=1

− 2𝑃𝑘Δ𝑢𝑘+1

Δ𝑢𝑘+1 = (𝑢𝑘+1 − 𝑢𝑘) Δ𝑊𝑘+1
𝑖 = (𝑊𝑘+1

𝑖 −𝑊𝑘
𝑖)

Δ𝑃𝑘+1Δ𝑢𝑘+1 = 2∑Δ𝑊𝑘+1
𝑖 𝑉𝑖

𝑛𝑒

𝑖=1

− 2𝑃𝑘Δ𝑢𝑘+1

𝐾𝑡𝑎𝑛𝑔 =
Δ𝑃𝑘+1
Δ𝑢𝑘+1

𝐾𝑡𝑎𝑛𝑔(Δ𝑢𝑘+1)
2 + 2𝑃𝑘Δ𝑢𝑘+1 = 2∑ Δ𝑊𝑘+1

𝑖 𝑉𝑖
𝑛𝑒
𝑖=1

𝐶10 = 𝐺/2

𝑊 =
𝐺

2
(𝐼1 − 3)

𝐾𝑡𝑎𝑛𝑔(Δ𝑢𝑘+1)
2 + 2𝑃𝑘Δ𝑢𝑘+1 = 𝐺∑Δ(𝐼1)𝑘+1

𝑖 𝑉𝑖

𝑛𝑒

𝑖=1

𝐾𝑡𝑎𝑛𝑔 𝐾𝑑𝑦𝑛(𝑢, 𝑓)

𝐺𝑑𝑦𝑛(𝜅𝑒𝑞, 𝑓) 𝐺𝑑𝑦𝑛(𝜅𝑒𝑞, 𝑓)

𝛿(𝜅𝑒𝑞 , 𝑓) 𝜅𝑒𝑞

𝐾𝑑𝑦𝑛 𝛼

𝛼 ∙ 𝐾𝑑𝑦𝑛(𝑢, 𝑓) = 𝐺𝑑𝑦𝑛(𝜅𝑒𝑞, 𝑓)

𝛼 𝐾𝑑𝑦𝑛 𝐺𝑑𝑦𝑛

𝑲𝒅𝒚𝒏 𝑮𝒅𝒚𝒏



𝛼

𝛼 ∙ 𝑲𝒅𝒚𝒏 = 𝑮𝒅𝒚𝒏
→ 𝛼 = (𝑲𝒅𝒚𝒏

𝑻 𝑲𝒅𝒚𝒏) \ (𝑲𝒅𝒚𝒏
𝑻 𝑮𝒅𝒚𝒏)

𝜅

𝐼1,𝑐𝑜𝑚𝑝 = 𝐼1,𝑠ℎ𝑒𝑎𝑟

𝐼1,𝑐𝑜𝑚𝑝 =
2

Λ
+ Λ2                𝐼1,𝑠ℎ𝑒𝑎𝑟 = 3+ 𝜅2

Λ = 1 + 𝜀 →   𝐼1,𝑐𝑜𝑚𝑝 =
2

1 + ε
+ (1 + 𝜀)2   

2

1 + ε
≈ 2 ∙ (1 − 𝜀 + 𝜀2)

𝐼1,𝑐𝑜𝑚𝑝 = 2 ∙ (1 − 𝜀 + 𝜀
2) + (1 + 2𝜀 + 𝜀2) =.…… = 3 + 3𝜀2

3 + 𝜅2 = 3 + 3𝜀2

𝜅 = √3 ∙ 𝜀

i. e.    𝜅 = √3 ∙
𝑢1
𝑡1
   𝒐𝒓   𝑢2 = √3 ∙ 𝑢1 ∙

𝑡2
𝑡1



𝜅 =
𝑢2

𝑡2
𝜀 =

𝑢1

𝑡1
𝑡1 𝑡2

 



 

𝐺𝑑𝑦𝑛(𝜅𝑒𝑞, 𝑓) 𝑑(𝜅𝑒𝑞, 𝑓)

 

 

𝐶10
𝐶20
𝐶30



∫ 𝑃(𝑢)𝑑𝑢
𝑢𝑘+1

𝑢𝑘

=∑(𝑊𝑘+1
𝑖 −𝑊𝑘

𝑖) ∙ 𝑉𝑖

𝑛𝑒

𝑖=1

∫ 𝑃(𝑢)𝑑𝑢
𝑢𝑘+1

𝑢𝑘

= 𝐶10 ∙ Δ𝑘
𝑘+1∑(𝐼1

𝑖 − 3)𝑉𝑖

𝑛𝑒

𝑖=1

+

+𝐶20 ∙ Δ𝑘
𝑘+1∑(𝐼1

𝑖 − 3)
2
𝑉𝑖

𝑛𝑒

𝑖=1

+

+𝐶30 ∙ Δ𝑘
𝑘+1∑(𝐼1

𝑖 − 3)
3
𝑉𝑖

𝑛𝑒

𝑖=1

𝐀𝐜 = 𝐛

(Δ𝑘
𝑘+1 ∑ (𝐼1

𝑖 −
𝑛𝑒
𝑖=1

3)
3
𝑉𝑖)



𝑨𝑇𝑨𝒄 = 𝑨𝑇𝒃

𝒄 = (𝑨𝑇𝑨) \ (𝑨𝑇𝒃) 



𝒃40 =

[
 
 
 
 
 
0.0820
0.3201
0.6326
0.9857
1.3453
1.6773]

 
 
 
 
 

    𝒃50 =

[
 
 
 
 
 
0.1412
0.5608
1.1219
1.7524
2.3807
2.9348]

 
 
 
 
 

    𝒃78 =

[
 
 
 
 
 
0.2957
1.1685
2.3532
3.7622
5.1579
6.6026]

 
 
 
 
 

𝑨 =

[
 
 
 
 
 
0.2497
1.1158
2.3050
3.6491
5.1895
6.6290

0.0081
0.1102
0.5596
1.6873
4.9489
11.3516

0.0005
0.0206
0.2233
1.3063
7.1565
27.6477]

 
 
 
 
 

𝒄 = [
𝐶10
𝐶20
𝐶30

]

𝑪𝟏𝟎
𝑪𝟐𝟎
𝑪𝟑𝟎





 

 

𝐺∞
𝐺1
𝑣𝑒

𝐺2
𝑣𝑒

𝐺3
𝑣𝑒

𝐺4
𝑣𝑒

𝑡𝑟1
𝑡𝑟2
𝑡𝑟3
𝑡𝑟4
𝐺1
𝑒𝑝

𝐺2
𝑒𝑝

𝐺3
𝑒𝑝

𝜏𝑟1
𝜏𝑟2
𝜏𝑟3

 

𝑊 = 𝐶10(𝐼1̅ − 3) + 𝑐20(𝐼1̅ − 3)
2 + 𝐶30(𝐼1̅ − 3)

3 +

+
1

𝐷1
(𝐽𝑒𝑙 − 1)2 +

1

𝐷2
(𝐽𝑒𝑙 − 1)4 +

1

𝐷3
(𝐽𝑒𝑙 − 1)6

𝐷1, 𝐷2 𝐷3

𝐶10 =
𝐺∞
2

𝐶20/𝐶10 𝐶30/𝐶10



𝐶20 = −
𝐺∞
20

𝐶30 =
3𝐺∞
100

𝜎𝑣𝑖 = 𝜏𝑟𝑖√3

𝑡𝑟 𝑔𝑅

𝑔𝑅𝑖 =
𝐺𝑖
𝑒𝑝

𝐺0

𝐺0 = 𝐺∞ +∑𝐺𝑖
𝑒𝑝

 



 



 

𝑢 = 𝑢0 ∙ sin (2𝜋𝑓)

𝑢0 𝑓



𝐾𝑑𝑦𝑛(Δ𝑢𝑘+1)
2 + 2𝑃𝑘Δ𝑢𝑘+1 = 𝐺𝑑𝑦𝑛∑Δ(𝐼1)𝑘+1

𝑖 𝑉𝑖

𝑛𝑒

𝑖=1

→ 𝐺𝑑𝑦𝑛 =
𝐾𝑑𝑦𝑛(Δ𝑢𝑘+1)

2 + 2𝑃𝑘Δ𝑢𝑘+1

∑ Δ(𝐼1)𝑘+1
𝑖 𝑉𝑖

𝑛𝑒
𝑖=1

 

𝐾𝑑𝑦𝑛 =
Δ𝑃𝑘+1

Δ𝑢𝑘+1
Δ𝑢𝑘+1 = 𝑢𝑘+1 − 𝑢𝑘





𝐺𝑑𝑦𝑛

HNBR Ratio (GsimpleShear / 
GhardTest) 1 Hz 5 Hz 20 Hz 50 Hz 100 Hz 

u0 = 0.06 mm 2.07 2.08 2.23 2.40 2.57 
u0 = 0.18 mm 1.70 1.72 1.86 2.02 2.20 

u0 = 0.42 mm 1.26 1.28 1.42 1.59 1.75 

u0 = 0.72 mm 1.01 1.03 1.14 1.28   

EPDM Ratio (GsimpleShear / 
GhardTest) 1 Hz 5 Hz 20 Hz 50 Hz 100 Hz 

u0 = 0.06 mm 1.62 1.75 1.86 1.96 2.03 

u0 = 0.18 mm 1.31 1.44 1.55 1.64 1.73 
u0 = 0.42 mm 1.13 1.25 1.36 1.45 1.53 

u0 = 0.72 mm 0.96 1.07 1.17 1.24   



𝑢 = 𝑢0 ∙ √3

𝐺𝑑𝑦𝑛

HNBR Ratio (GsimpleShear / 
GhardTest) 1 Hz 5 Hz 20 Hz 50 Hz 100 Hz 

u0 = 0.06 mm 1.86 1.88 2.07 2.23 2.41 

u0 = 0.18 mm 1.39 1.41 1.59 1.77 1.95 
u0 = 0.42 mm 1.07 1.09 1.27 1.43 1.60 

u0 = 0.72 mm 0.90 0.91 1.07 1.20   

EPDM Ratio (GsimpleShear / 
GhardTest) 1 Hz 5 Hz 20 Hz 50 Hz 100 Hz 

u0 = 0.06 mm 1.44 1.56 1.67 1.77 1.85 

u0 = 0.18 mm 1.21 1.33 1.44 1.54 1.62 
u0 = 0.42 mm 1.02 1.14 1.25 1.34 1.41 

u0 = 0.72 mm 0.89 1.01 1.10 1.17   

 

𝐾𝑑𝑦𝑛

𝐾𝑑𝑦𝑛 𝐺𝑑𝑦𝑛

𝛼 ∙ 𝑲𝒅𝒚𝒏 = 𝑮𝒅𝒚𝒏

→ 𝛼 = (𝑲𝒅𝒚𝒏
𝑻 𝑲𝒅𝒚𝒏) \ (𝑲𝒅𝒚𝒏

𝑻 𝑮𝒅𝒚𝒏)





𝐾𝑑𝑦𝑛 𝐺𝑑𝑦𝑛
𝛼

𝐼1
𝑐𝑜𝑚𝑝

= 𝐼1
𝑠ℎ𝑒𝑎𝑟

→ 𝜅 =
𝑢𝑐𝑜𝑚𝑝
𝑡

∙ √3

𝑢𝑠ℎ𝑒𝑎𝑟 = 𝑢𝑐𝑜𝑚𝑝 ∙ √3   (𝑠𝑎𝑚𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠)





𝛼

𝑑 =
𝑈𝑐

𝜋𝜅0𝜏0

𝑑 =
𝑈𝑐

𝜋𝑢0𝑃0









 



  



 

𝐾𝑑𝑦𝑛 𝐺𝑑𝑦𝑛 𝛼 ∙ 𝐾𝑑𝑦𝑛 = 𝐺𝑑𝑦𝑛

𝐺𝑑𝑦𝑛(𝜅𝑒𝑞, 𝑓)

𝑢 𝜅
𝐺𝑑𝑦𝑛(𝜅𝑒𝑞 , 𝑓)

• 𝜅 𝑢

𝑢𝑚.ℎ𝑎𝑟𝑑.𝑡𝑒𝑠𝑡 = β ∙ 𝑢𝑠𝑖𝑚𝑝𝑙𝑒𝑆ℎ𝑒𝑎𝑟 𝛽

• 

• 

 



  



 

https://www.explainthatstuff.com/rubber.html
https://en.wikipedia.org/wiki/Synthetic_rubber
http://pediaa.com/difference-between-natural-rubber-and-synthetic-rubber/
http://www.softschools.com/inventions/history/rubber_history/290/
http://www.industrialrubbergoods.com/types-of-synthetic-rubber.html
https://quatr.us/science/rubber-history-rubber.htm
https://en.wikipedia.org/wiki/Finite_strain_theory


Densities of Solids

 

https://classes.engineering.wustl.edu/2009/spring/mase5513/abaqus/docs/v6.6/books/usb/default.htm
https://classes.engineering.wustl.edu/2009/spring/mase5513/abaqus/docs/v6.6/books/usb/default.htm
http://www.byggmek.lth.se/utbildning/kurser/vsmn10-strukturdynamiska-beraekningar/
http://www.byggmek.lth.se/utbildning/kurser/vsmn10-strukturdynamiska-beraekningar/
https://www.engineeringtoolbox.com/density-solids-d_1265.html


 

 

𝐴0 𝑙0

𝑙

Λ =
𝑙

𝑙0

𝜀 = 𝑓(Λ)

𝑓(1) = 0
𝑑𝑓(1)/𝑑Λ = 1

𝑓(Λ)

𝜀(𝑚) = {

1

𝑚
(Λ𝑚 − 1)         𝑚 ≠ 0

ln(𝛬)            𝑚 = 0

𝜀(−2) =
1

2
(1 − Λ−2)            Almansi′s strain 

𝜀(−1) = 1 − Λ−1                  (𝑛𝑜 𝑛𝑎𝑚𝑒 𝑓𝑜𝑢𝑛𝑑 𝑖𝑛 𝑙𝑖𝑡𝑒𝑟𝑎𝑡𝑢𝑟𝑒) 

𝜀(0) = ln(Λ)                         Logarithmic strain or Hencky strain 

𝜀(1) = Λ − 1                        Nominal strain or Biot strain 

𝜀(2) =
1

2
(Λ2 − 1)               Lagrangian strain or Green′s strain

𝜀𝑙 = Λ − 1 =
𝑙 − 𝑙0
𝑙0



𝜀𝑔 =
1

2
(Λ2 − 1) =

𝑙2 − 𝑙0
2

2𝑙0
2

 

𝑑𝑤 = 𝜎 ∙ 𝑑𝜀

𝜎 𝑑𝜀

𝑤 = ∫ 𝜎(𝜀) 𝑑𝜀
𝜀

0

𝑤 = 𝑤(𝜀)

𝜎 =
𝑑𝑤(𝜀)

𝑑𝜀

𝜎𝑙 𝜀𝑙 𝜎𝑔
𝜀𝑔



𝑑𝑤 = 𝜎𝑙 ∙ 𝑑𝜀𝑙 = 𝜎𝑔 ∙ 𝑑𝜀𝑔

𝑤 = 𝑤(Λ)

𝜎𝑙 =
𝑑𝑤

𝑑𝜀𝑙
=
𝑑𝑤

𝑑Λ

𝜎𝑔 =
𝑑𝑤

𝑑𝜀𝑔
=
𝑑𝑤

𝑑Λ

1

Λ
 

 

𝒙𝒐 = (𝑥𝑜 , 𝑦𝑜 , 𝑧𝑜) 𝒙𝒐 = (𝑥1
𝑜 , 𝑥2

𝑜 , 𝑥3
𝑜)



𝒙 = (𝑥, 𝑦, 𝑧) 𝒙 = (𝑥1, 𝑥2, 𝑥3)

𝝋(𝒙𝒐, 𝑡)
𝝋(𝒙𝒐, 0) = 𝒙𝒐

 𝒙(𝒙𝒐, 𝑡) = 𝝋(𝒙𝒐, 𝑡) = 𝒙𝒐 + 𝒖(𝒙𝒐, 𝑡)

𝒖(𝒙𝟎, 𝑡)

𝑑𝒙𝟎

𝑑𝒙 𝒙 = 𝒙(𝒙𝟎, 𝑡) 𝑑𝒙

𝑑𝒙 = 𝑭 ∙ 𝑑𝒙𝒐

𝑭 = 𝛁𝐨𝒙

𝑭

𝑭 = 𝐹𝑖𝑗 =
𝜕𝑥𝑖
𝜕𝑥𝑗

𝑜

[𝒙] = [𝑥𝑖]

𝑭 = [𝐅] = [
𝜕𝑥𝑖
𝜕𝑥𝑗

𝑜] =

[
 
 
 
 
 
 
𝜕𝑥

𝜕𝑥𝑜
𝜕𝑥

𝜕𝑦𝑜
𝜕𝑥

𝜕𝑧𝑜

𝜕𝑦

𝜕𝑥𝑜
𝜕𝑦

𝜕𝑦𝑜
𝜕𝑦

𝜕𝑧𝑜

𝜕𝑧

𝜕𝑥𝑜
𝜕𝑧

𝜕𝑦𝑜
𝜕𝑧

𝜕𝑧𝑜]
 
 
 
 
 
 

[𝑥𝑖] = (𝑥1, 𝑥2, 𝑥3) = (𝑥, 𝑦, 𝑧) 
[𝑥𝑗

𝑜] = (𝑥1
𝑜, 𝑥2

𝑜 , 𝑥3
𝑜) = (𝑥𝑜, 𝑦𝑜 , 𝑧𝑜)

𝑑𝒙 = 𝑑𝒙𝒐 + 𝛁𝐨𝒖 ∙ 𝑑𝒙
𝒐 = (𝑰 + 𝛁𝐨𝒖) ∙ 𝑑𝒙

𝒐

𝑭 = 𝑰 + 𝛁𝐨𝒖



𝛁𝐨𝒖

[𝛁𝐨𝒖] = [
𝜕𝑢𝑖
𝜕𝑥𝑗

𝑜] =

[
 
 
 
 
 
 
𝜕𝑢𝑥
𝜕𝑥𝑜

𝜕𝑢𝑥
𝜕𝑦𝑜

𝜕𝑢𝑥
𝜕𝑧𝑜

𝜕𝑢𝑦
𝜕𝑥𝑜

𝜕𝑢𝑦
𝜕𝑦𝑜

𝜕𝑢𝑦
𝜕𝑧𝑜

𝜕𝑢𝑧
𝜕𝑥𝑜

𝜕𝑢𝑧
𝜕𝑦𝑜

𝜕𝑢𝑧
𝜕𝑧𝑜]

 
 
 
 
 
 

𝑑𝒙𝒐 𝑑𝑙𝑜  𝑑𝒙
𝑑𝑙

𝑑𝑙𝑜2 = 𝑑𝒙𝒐 ∙ 𝑑𝒙𝒐 
𝑑𝑙2 = 𝑑𝒙 ∙ 𝑑𝒙

𝑑𝑙2 = 𝑑𝒙𝒐 ∙ 𝑭𝑇 ∙ 𝑭 ∙ 𝑑𝒙𝒐

𝑑𝑙2 − 𝑑𝑙𝑜2

2𝑑𝑙𝑜2
= 𝒏𝑜 ∙ 𝑬 ∙ 𝒏𝑜

𝒏𝑜

𝑬 =
1

2
(𝑪 − 𝑰) =

1

2
(𝑭𝑇 ∙ 𝑭 − 𝑰)

𝑩 = 𝑭 ∙ 𝑭𝑇

 



𝑭 = 𝑹 ∙ 𝑼 = 𝑽 ∙ 𝑹

𝑹−1 = 𝑹𝑇 𝑑𝑒𝑡𝑹 = +1
𝒙 ∙ 𝑼 ∙ 𝒙 ≥ 0

𝒙 ∙ 𝑽 ∙ 𝒙 ≥ 0

𝑹 ∙ 𝑹𝑇 = 𝑰

𝑪 = 𝑭𝑻𝑭 = 𝑼𝑻𝑼       𝒐𝒓         𝑩 = 𝑭𝑭𝑻 = 𝑽𝑽𝑻

 



 

 
𝒃(𝒙, 𝑡)

𝒕(𝒙, 𝑡)

𝒖(𝒙, 𝑡) 𝝈(𝒙, 𝑡)

𝛁̃𝝈 + 𝒃 = 𝜌𝒖̈

𝛁̃ =

[
 
 
 
 
 
𝜕

𝜕𝑥
0 0

0
𝜕

𝜕𝑦
0

0 0
𝜕

𝜕𝑧

𝜕

𝜕𝑦

𝜕

𝜕𝑧
0

𝜕

𝜕𝑥
0

𝜕

𝜕𝑧

0
𝜕

𝜕𝑥

𝜕

𝜕𝑦]
 
 
 
 
 

;   𝝈 =

[
 
 
 
 
 
𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜎𝑥𝑦
𝜎𝑥𝑧
𝜎𝑦𝑧]
 
 
 
 
 

;   𝒃 = [

𝑏𝑥
𝑏𝑦
𝑏𝑧

]

𝒘(𝒙)

∫𝒘𝑇𝛁̃𝝈 𝑑𝑉
𝑉

+∫𝒘𝑇𝒃 𝑑𝑉
𝑉

= ∫𝒘𝑇𝜌𝒖̈ 𝑑𝑉
𝑉



∫𝒘𝑇𝛁̃𝝈 𝑑𝑉
𝑉

= ∫𝒘𝑇𝒕 𝑑𝑆
𝑆

−∫(𝛁̃𝒘)
𝑇
𝝈 𝑑𝑉

𝑉

𝒕 = 𝑺𝑻𝒏

∫𝒘𝑇𝒕 𝑑𝑆
𝑆

+∫𝒘𝑇𝒃 𝑑𝑉
𝑉

= ∫𝒘𝑇𝜌𝒖̈ 𝑑𝑉
𝑉

+∫(𝛁̃𝒘)
𝑇
𝝈 𝑑𝑉

𝑉

{

𝒘 = 𝑵 ∙ 𝒄
  𝒖 = 𝑵 ∙ 𝒂
𝒖̈ = 𝑵 ∙ 𝒂̈
𝛁̃𝑵 = 𝑩

𝒄𝑻∫𝑵𝑇𝒕 𝑑𝑆
𝑆

+ 𝒄𝑻∫𝑵𝑇𝒃 𝑑𝑉
𝑉

= 𝒄𝑻∫𝑵𝑇𝜌𝑵 𝑑𝑉 ∙ 𝒂̈
𝑉

+ 𝒄𝑻∫𝑩𝑇𝝈 𝑑𝑉
𝑉

𝒄

𝒇 = ∫ 𝑵𝑇𝒕 𝑑𝑆
𝑆

+ ∫ 𝑵𝑇𝒃 𝑑𝑉
𝑉

𝑴 = ∫ 𝑵𝑇𝜌𝑵 𝑑𝑉
𝑉

𝒇 = 𝑴𝒂̈ +∫𝑩𝑇𝝈 𝑑𝑉
𝑉

𝒇 = ∫𝑩𝑇𝝈 𝑑𝑉
𝑉

𝝈
∫ 𝑩𝑇𝝈 𝑑𝑉
𝑉

= 𝑲𝒂
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